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Motivated by the recent observation of the shell effect in a nanoscale pure superconductor by
Bose et al [Nat. Mat. 9, 550 (2010)], we explore the possible shell-like effect in a strongly disor-
dered superconductor as it is known to produce nanosize superconducting puddles (SPs). We find
a remarkable change in the texture of the pairing amplitudes that is responsible for forming the
SP, upon monotonic tuning of the average electron density, 〈n〉, and keeping the disorder landscape
unaltered. Both the spatially averaged pairing amplitude and the quasiparticle excitation gap oscil-
late with 〈n〉. This oscillation is due to a rapid change in the low-lying quasiparticle energy spectra
and thereby a change in the shapes and positions of the SPs. We establish a correlation between
the formation of SPs and the shell-like effect. The experimental consequences of our theory are also
discussed.
PACS numbers: 74.81.-g,74.78.Na,74.20.-z
A finite-size correction to the Bardeen-Cooper-
Schrieffer theory [1] of finite-size superconducting metal-
lic grains predicts [2–4] a large change in the energy gap
due to a small change in electron number. The pairing
amplitude (PA) oscillates with the change in mean-level
spacing which may be tuned by changing either the par-
ticle number or the size and shape of the grains. This
fluctuation arises due to a rapid change in the spectral
density at low energies. This phenomenon is known as
the shell effect in small-size superconductors and was re-
cently observed by Bose et al [5] in pure superconducting
nanoparticles.
The superconductor-to-insulator transition (SIT) [6, 7]
with increasing disorder in thin films is an archetypal ex-
ample for studying the competition between interaction
and disorder. While the attractive interaction between
electrons is responsible for the formation of cooper pairs,
which condense into a macroscopic quantum state [1]
called superconductivity, the disorder localizes the elec-
tronic states [8]. The concomitance of these two con-
trasting quantum states in the presence of both attrac-
tive interaction and disorder leads to several fascinating
quantum effects such as inhomogeneity and the forma-
tion of superconduting puddles (SPs) [9–12] in PA, the
presence of a pseudogapped [13, 14] phase where the long-
range order of superconductivity diminishes although the
quasiparticle gap remains open [9], and fractal supercon-
ductivity [15, 16] in which the correlations of certain func-
tions become fractal in nature before they transform into
completely localized states. In this Letter, we show that
the shell-like effect in disordered superconductors occurs
because the systems mimic the collection of nanosize su-
perconductors in the form of SPs.
Although the superconductors remain homogeneous
[17–20] in the low-disorder regime, inhomogeneity [9, 11]
in the PA develops with an increase in the strength of
disorder. In a moderate range of disorder, SPs with
larger PA separated by insulating regions with vanish-
ingly small PA are formed [9]. The phase separation be-
tween the SPs and insulating puddles transforms either of
these phases into the global phase. The SPs connected
by Josephson tunneling give rise to a global supercon-
ductor [21], whereas the large phase fluctuations (PFs)
between the SPs at high disorder drive [22] the system
into an insulating state. Even in the insulating state,
puddles with nonzero PA exist, and one finds a pseudo-
gap [9] in the spectral function. Since the typical length
scales of these nanoscale puddles become much less than
the system size, these SPs can resemble small size super-
conductors. We thus focus here on the spatial variation
of the PA as a function of mean electron density, 〈n〉,
with a fixed landscape of strongly disordered potential.
The average densities can be tuned without altering the
disorder landscape by applying electrostatic gates [23] to
a thin film superconductor.
Our calculations below demonstrate that the texture
of the PA forming the SPs at strong disorder, especially
in the insulating side of the SIT, undergoes a huge change
with little change in 〈n〉, in spite of the unaltered land-
scape of disorder. This fact is not a priori known since
the little change in 〈n〉 does not change much of the lo-
cal effective chemical potential and thereby only a lit-
tle of the local occupation number density. We find
that as the bulk chemical potential changes with 〈n〉,
the quasiparticle energy spectra (and the corresponding
eigenstates) around the chemical potential change. The
low-lying quasiparticle eigenstates create [9] the regions
of higher the PA. Due to these reasons, the texture of
PA and thus the shapes and positions of the SPs keep on
changing with 〈n〉. Moreover, the excitation gap and the
spatially averaged PA, ∆¯, oscillate with 〈n〉. This shell-
like effect in disordered superconductors occurs when the
2mean-level spacing of the low-lying quasiparticle eigen-
states becomes comparable to the disorder-averaged ∆¯.
We employ the method of the self-consistent solution
of the Bogoliubov-de Gennes (BDG) equation [24], which
has been described in detail by others [9, 10]. In brief , we
study the BDG equation for a disordered superconductor
at a site i in a square lattice,[
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the random potential Vi at each site drawn from the uni-
form distribution in the range [−V, V ]. Henceforth, all
the energies are in the unit of nearest neighbor hopping
energy and all the length scales are in the unit of lattice
constant. The BDG equation (1) is solved with periodic
boundary conditions in a square lattice with N sites. We
determine ∆i and ni for a fixed 〈n〉 = (1/N)
∑
i ni and
a chosen random distribution of Vi by iteratively solv-
ing Eq. (1) and above equations of ∆i and ni until the
self-consistency is reached.
We have made our calculations for a range of param-
eters: 1 ≤ U ≤ 4, 1.5 ≤ V ≤ 4 on square lattices of size
N = L×L with L = 24, 32, and 40. We present [25] the
results below for U = 1.5, V = 2, and L = 32; similar re-
sults are obtained for other parameters as well. We have
checked that the solutions obtained in the self-consistent
method are independent of initial guesses; the results re-
lated to self-consistency in Ref. 9 are also reproduced by
our calculation.
Figure 1 represents a systematic study of the spatial
variation of ∆i for a fixed realization of disorder but with
different values of mean carrier densities. Several fea-
tures of this comparative study are noteworthy: (i) the
SPs separated by insulating regions are formed, as ex-
pected, but the shapes and positions of the SPs change
rapidly with 〈n〉, (ii) the system passes through a rela-
tively less inhomogeneous structure between two entirely
different types of strongly inhomogeneous structures if
〈n〉 is tuned, e.g., a less inhomogeneous structure at
〈n〉 = 0.91 between two highly inhomogeneous structures
at 〈n〉 = 0.88 and 0.94 (Fig. 1), (iii) a site that may lie
in the insulating region for a certain density, it becomes
part of a superconducting island at certain other den-
sities, and (iv) the change in the texture of the PA is
nonmonotonic with 〈n〉.
It was argued before [9] that the strong fluctuation
in ∆i is correlated with the effective disorder potential
V˜i = Vi− µ˜i: ∆i is large at those sites where |V˜i| is small
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FIG. 1. (color online) Topographic plot of pair-amplitudes at
different sites in a 32×32 square lattice (shown as rhomboidal
plane) with U = 1.5 at different values of 〈n〉, given adjacent
to each curve for a fixed realization of random disorder with
V = 2. The shapes and positions of the superconducting
islands change with 〈n〉. In the left bottommost panel, two
squares of size 10× 10 that will be used in Fig. 3 are marked
as A and B.
and vice versa. In this respect, any small change [26] in
〈n〉 will only have little effect on ∆i, especially for the
sites at which ∆i are small; there will be minor read-
justment of the values of ∆i within a superconducting
puddle. Therefore, no change in the positions of SPs is
a priori expected. To examine the validity of this fact,
we compare ∆i and V˜i between 〈n〉 = 0.77 and 0.80 and
also between 0.94 and 0.98 (Fig. 2). Although V˜i remains
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FIG. 2. (color online) Comparison of (a, c) effective disorder
potential, V˜i, and (b, d) pair-amplitude, ∆i, at two sets of
two different average densities that are closed to each other:
(a, b) 〈n〉 = 0.77 and 0.80; (c,d) 〈n〉 = 0.94 and 0.98. Here
each point corresponds to the same site i for the quantities in
both the horizontal and vertical axes.
almost unchanged (Figs. 2a, 2c) at all sites (as the data
follow a straight line with unit slope) for not so different
values of 〈n〉, ∆i changes substantially. While ∆i in a
given site i is small at some density, it may be large for
some other densities that are not very different (Figs. 2b,
2d) from the former. This proves that the fluctuation in
∆i is not strongly correlated with V˜i. We will show below
that the fluctuation in ∆i and the formation of islands
with larger PA is correlated with the shell-like effect that
predisposes in favor of forming SPs, which in turn repro-
duces shell effect. To gain further insight, we choose two
small regions of size 10 × 10 each (shown as two square
regions A and B in Fig. 1) in a 32 × 32 lattice and cal-
culate average PA, ∆av = (1/M)
∑M
i=1∆i with M being
the total number of sites in each region, for these regions
with different values of 〈n〉. Figure 3 shows rapid oscilla-
tion [27] of ∆av with 〈n〉; the deviation of ∆av occurs up
to about 50% of its maximum value. This rules out the
possibility of forming SPs at a given region of space at all
densities. The lower (higher) the values of ∆av in the se-
lected region, the more susceptible the region becomes to
becoming part of an insulating (superconducting) region.
The change in spatial fluctuation of ∆i with 〈n〉 is also
responsible for changing the average PA of the system.
As we find here, the mean PA, ∆¯ = (1/N)
∑
i∆i, of the
system oscillates with 〈n〉 [Fig. 4a] for a given disorder
landscape. However, the disorder-averaged ∆¯ is almost
independent of 〈n〉 [Fig. 4a] [28]. The lower (higher) val-
ues of ∆¯ correspond to higher (lesser) inhomogeneity in
the system. This oscillation occurs due to rapid change in
the low-lying quasiparticle energy spectra, analogous to
the shell effect in superconducting nanoparticles. Figures
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FIG. 3. (color online) Variation of average pair-amplitude,
∆av, taken in two small regions (marked in Fig. 1) of sizes
10 × 10 in a 32 × 32 square lattice, with 〈n〉. Vi is kept the
same for all densities. Left (right) panel corresponds to square
A (B) marked in Fig. 1.
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FIG. 4. (color online) Oscillation of (a) mean pair-amplitude
, ∆¯, in a 32 × 32 lattice for U = 1.5, V = 2, and a given
realization of disorder, with 〈n〉. Dashed line with points rep-
resents disorder average ∆¯ at V = 2. Low-lying quasiparticle
eigenenergies (b, c, d) at three chosen densities marked by re-
spective points (i), (ii), and (iii) in (a) corresponding to three
different extrema in ∆¯. (e) Variation of gap energy, Egap,
with 〈n〉. It also oscillates with 〈n〉. The dashed line repre-
sents the disorder-averaged energy gap at V = 2. Disorder
averages are taken with 12 realizations of disorder.
4b, 4c, and 4d show low-energy quasiparticle eigenstates
at three densities that correspond to three consecutive
extrema in Fig. 4a. There are two important characteris-
tics to be noted from these quasiparticle spectra: (i) the
quasiparticle gap, Egap, and the mean level spacing, δE,
for low-lying states change with 〈n〉; and (ii) Egap oscil-
lates with 〈n〉 (Fig. 4e) for a given disorder landscape, al-
though its disorder-averaged value is independent of 〈n〉.
The oscillations in Eg and ∆¯ are found to be up to 25% of
their respective maximum values. We calculate ∆¯ for ten
sets of disorder realization and at 126 densities between
〈n〉 = 0.7 and 1.0, determine mean level spacing, δE, for
the lowest ten eigenenergies in each of these cases, and
plot average value of ∆¯ in the range δE and δE+0.0002
against δE in Fig. 5. Although ∆¯ oscillates and quasipar-
ticle energy spectra change with 〈n〉, the former seems to
4be monotonically correlated with δE.
In a finite-size superconducting grain, the level spacing
depends on the size of the grain. When the average level
spacing becomes comparable to the bulk gap, the shell
effect is observed [5]. The PA depends on the number
of available quasiparticle states in a narrow window of
Debye energy about the Fermi energy. Since the number
of states within this window fluctuates with the shifting
of Fermi energy or, equivalently, with the change in elec-
tron density, the fluctuation in PA occurs. In the present
system of the disordered superconductor, as Ghosal et
al [9] pointed out, low-lying quasiparticle eigenstates lie
in the SPs and thus the quasiparticle gap remains open
even at high disorder. These SPs are of nanoscale size
and behave as small-size superconductors that become
sensitive to shell-like effect when the mean level spac-
ing for low-lying quasiparticle states becomes comparable
(within one order less in magnitude) to the average PA,
∆¯. In the strongly disordered superconductor, mean level
spacing ∼ (pi/ξloc)
2 (where ξloc is the localization length)
increases [19] with the increase of the strength of disorder
V , and disorder-averaged ∆¯ decreases with the decrease
of U . Therefore the shell-like effect will be prominent on
lowering [29] U for a moderate V , and on increasing V
for a moderate U . We have shown here that the sub-
stantial change in low-lying quasiparticle eigenenergies,
Em, and the corresponding eigenfunctions (u
i
m, v
i
m) oc-
cur by tuning 〈n〉. This causes to change in the positions
of the superconducting and insulating islands as shown
in Fig. 1.
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FIG. 5. (color online) The plot of the average value of ∆¯ in
the range of mean level spacing between δE and δE + 0.0002
against δE, which has been calculated for the lowest ten quasi-
particle eigenenergies. ∆¯ and δE have been calculated for
U = 1.5, V = 2, 126 values of 〈n〉 between 0.7 and 1.0, and
ten realizations of disorder. The vertical line about the aver-
age value of ∆¯ is its standard deviation. The solid line is a
guide to the eye to show the decrease of ∆¯ with the increase
of δE.
The systematic control of changing electron density
without changing the landscape of disorder in the thin-
film superconductor has already been demonstrated [23].
The scanning tunneling microscopic measurements [11]
in such an arrangement would directly show the change
in position and shape of the superconducting islands with
density. In the same experiment, the average gap over a
certain region of the system should oscillate with density.
This effect will also occur in the pseudogapped insulating
phase since the inhomogeneity in PA is already reported
[12] in the insulating phase. Although the SIT can only
be considered when phase fluctuations are included on
top of the mean field studied here, one may naively con-
sider the lesser (higher) inhomogeneous structure as su-
perconducting (insulating) phase. Therefore, the possi-
bility of a reentrant phase of superconductivity observ-
able in resistivity measurements may not be ruled out,
upon tuning 〈n〉 at large disorder.
There have been various studies such as the self-
consistent solution of BDG equations [9, 30–32], classical
Monte Carlo calculations at finite temperatures [10, 33],
and quantum Monte Carlo calculations [22] performed
using negative-U Hubbard interaction in a lattice model
with strong on-site disorder. The salient results of these
studies show the formation of SPs [9, 31], a large spectral
gap [9], the pinning of vortices at the regions [31] where
PA were small in the absence of magnetic field, magnetic-
field-driven SIT [10] for the loss of percolation coherence
between SPs and diminishing of local correlation at the
vortices because of PFs [33], and disorder-driven SIT due
to strong PFs into a phase of disordered performed pairs
[22, 32]. While all these studies [10, 22, 30–33] are made
for large U(> 3), the predicted shell-like effect here is for
smaller values of U where little changes in local densi-
ties cause huge changes in PAs. Therfore, it will not be
surprising if some of the qualitative physics studied ear-
lier for SIT change due to shell-like effect for smaller U ,
since the strong PFs may play a role in the local density
fluctuations.
In conclusion, we have found compelling numerical ev-
idence for the shell-like effect to occur in a strongly disor-
dered superconductor because of the emergent inhomo-
geneity [34] in the form of superconducting puddles. The
phase fluctuations and the long-rage Coulomb interaction
between electrons have been ignored in our calculations,
but these will not have any qualitative effect since the
presence of superconducting puddles is the key to our
study. By tuning electron density, the quasiparticle ex-
citation gap can be appreciably changed.
We are grateful to P. Raychaudhuri for discussions.
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FIG. S1. Disorder profile for V=2 that has been used for calculting Fig. 1 and most of the results
shown in the paper.
I. DENSITY PROFILE
In Fig. 1, we have shown the profile of ∆i at different values of 〈n〉 with V = 2, U = 1.5,
and fixed disorder realization (Fig. S1). In figure S2, we show the corresponding profiles
for ni. We note that although it is expected that ni will change as 〈n〉 changes, the profile
for ni/〈n〉 remains alomost unchanged. Figure S3 shows the variation of chemical potential
with 〈n〉 at different values of V .
II. PAIR-AMPLITUDE FLUCTUATION
In Fig. 3, we have shown that ∆av calculated for two selected regions of size 10×10 each
oscillates with 〈n〉 with fixed U , V , and realization of disorder. In Fig. S4, we show the
variation of ∆av with 〈n〉 at these two regions with fixed U and realization of disorder for
diffrent values of V . The oscillation begins when V > 1, and it increases with the increase
of V . In Fig. S5, we show ∆av for fixed V and different values of U . The oscillation in ∆av
increases with decreasing U .
2
0.88
0.910.85
0.83
0.980.80
0.77 0.94
FIG. S2. Color-scale plot of ni/〈n〉 at different sites in a 32 × 32 square lattice with U = 1.5,
V = 2, and a fixed realization of disorder which has been used for generating data shown in Fig. 1.
Number adjacent to each panel represents the corresponding value of 〈n〉.
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FIG. S3. The dependence of chemical potential, µ, on 〈n〉 for U = 1.5 and different values of V .
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FIG. S4. Average pair-amplitude, ∆av, in two 10 × 10 regions marked as A and B in the left
bottommost panel of Fig. 1 versus 〈n〉 for different values of V at U = 1.5. Left (right) panel
corresponds to region A (B). For all values of 〈n〉, same disorder landscape has been used. While
∆av is monotonic with 〈n〉 at smaller values of V , it starts oscillating around V > 1. The oscillation
increases with the increase of V .
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FIG. S5. Same as in Fig. S4 but for a fixed V = 2 and different values of U : 1.5 (black), 2.0
(red), 3.0 (blue). ∆av have been scaled with scaling factors: 0.06 (U = 1.5), 0.13 (U = 2.0), 0.31
(U = 3.0). Left (right) panel corresponds to region B (A) in Fig. 1. The oscillation of ∆av with
〈n〉 increases with decreasing U .
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